Background
Let p be a prime, n be a positive integer, and F p n be the finite field with p n elements. Let b ∈ F p n be such that Tr p n /p (b) = 0. There is considerable interest in permutations of F p n of the form X + (X p − X + b) s , where s ∈ Z; see [4, 5, 6, 9, 10, 11, 12, 13, 14, 15] and the references therein. In 2008, Yuan et al. [12] showed that for p = 2, 3, f (X) = X + (X p − X + b) −1 permutes F p n for all n ≥ 1. The results were rediscovered in [3] and [8] in a different context. Naturally, one would like to know if the statement is true for p > 3. We give a negative answer to the question by proving the following theorem. Theorem 1.1. Let p > 3 be a prime and n ≥ 5 be an integer. Let
where b ∈ F p n is such that Tr p n /p (b) = 0. Then f does not permute F p n .
Theorem 1.1 is proved using the Hasse-Weil bound. To apply the Hasse-Weil bound, we need to show that a certain polynomial in F p n [X, Y ] is absolutely irreducible. The same approach has been used for different questions [2, 7] .
Proof of Theorem 1.1
For p n = 5 5 , 7 5 , 11 5 , 13 5 , Theorem 1.1 has been verified using a computer. Therefore, we assume that either n ≥ 6 or n = 5 and p ≥ 17.
It suffices to show that there exist x ∈ F p n and y ∈ F * p n such that f (x+y)−f (x) = 0. We have
It suffices to show that F has a zero (x, y) ∈ F 2 p n with y = 0. Let V F 2 p n (F ) = {(x, y) ∈ F 2 p n : F (x, y) = 0}. We claim that F (X, Y ) is absolutely irreducible, i.e., irreducible over the algebraic closure F p of F p ; this claim will be proved in Section 3. Then by a generalization of the Hasse-Weil bound [1] , we have
The proof in Section 2 relies on the claim that F (X, Y ) is absolutely irreducible. We now prove this claim.
View
; it is clearly primitive (the gcd of the coefficients is 1). Hence it suffices to show that F (X, Y ) is irreducible over 
Assume to the contrary that X p − X − z + b is reducible over F p (z, Y ). Then all its roots are in F p (z, Y ), so x = Az + B for some A, B ∈ F p (Y ) with A = 0. Then
, then the left side of (3.1) is a polynomial in Y of degree > 0, which is a contradiction. Now assume that A has a pole P = ∞, and let ν P denote the valuation of F p (Y ) at P . Then
which is a contradiction to (3.1).
A Conjecture
Let
where b ∈ F p n is such that Tr p n /p (b) = 0. If b 1 ∈ F p n is such that Tr p n /p (b 1 ) = ǫTr p n /p (b), where ǫ = ±1, then b 1 = ǫb + c p − c for some c ∈ F p n . Therefore
Hence f b (X) permutes F p n if and only if f b1 (X) does. In particular, when studying the permutation properties of f b (X) over F p n for p ≥ 5 and n ≤ 4, we may assume that b ∈ {1, 2, . . . , (p−1)/2} since for such b, Tr p n /p (b) takes all values of F * p modulo a ± sign.
While experimenting with f b (X) over F p n for (small) p ≥ 5 and n ≤ 4, we are led to the following general conjecture: For n = 1, conjecture is trivial; for n ≥ 5, the conjecture follows from Theorem 1.1. For 2 ≤ n ≤ 4, the conjecture has been verified for 5 ≤ p ≤ 23 using computer. Moreover, for n = 2, sufficiency of the condition in Conjecture 4.1 is proved in by the following theorem. Proof. Let ǫ = Tr p 2 /p (b) and let F (X, Y ) be the polynomial in (2.1). Assume to the contrary that f b (X) does not permute F p 2 . Then F (x, y) = 0 for some (x, y) ∈ F 2 p 2 with y = 0, i.e.,
Raising (4.2) to the power of p gives Then 2y 1+p y = −y 2 − y 2p − y 1+p + y 2+p + y 1+2p ∈ F p , and hence y ∈ F p . Now (4.4) becomes −3y 2 = 0, which is a contradiction.
